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Abstract

A vector space partition of a finite vector space V over the field of ¢ elements is a collection
of subspaces whose union is all of V' and whose pairwise intersections are trivial. While a number
of necessary conditions have been proved for certain types of vector space partitions to exist, the
problem of the existence of partitions meeting these conditions is still open. In this note, we consider
vector space partitions of a finite vector space over the field GF(2) into subspaces of dimension 2
and dimension s # 2.

While certain cases have been done previously (s = 1, s = 3, and s even), in our main theorem
we build upon these general results to give a constructive proof for the existence of vector space
partitions over GF(2) into subspaces of dimensions s and 2 of almost all types. In doing so, we
introduce techniques that identify subsets of our vector space which can be viewed as the union
of subspaces having trivial pairwise intersection in more than one way. These subsets are used to
transform a given partition into another partition of a different type. This technique will also be
useful in constructing further partitions of finite vector spaces.

1 Introduction

Let ¢ be a prime power, F' = GF(q) be the field of ¢ elements, and V = V(n,q) be the n-dimensional
F-vector space F™, and let S C V be a subset containing the zero vector. We say a collection of nonzero
subspaces P of V is a subspace partition of S if the union of all the subspaces of P equals S and any two
distinct subspaces of P have trivial intersection. For the sake of simplicity, in this paper we will use the
term partition when we are refering to subspace partitions. We say P is a partition of type s7's32 - - - s.*
if P consists of x; subspaces of dimension s; for all 1 < ¢ < k, where the s; are positive and distinct.
Note that, in order for a partition of S C V(n, q) of type s7's3% - - - s;* to exist, there are two obvious
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necessary conditions. First is the diophantine equation:

k

S i 1) = 15| - 1. (1)

=1

The second comes from dimension considerations and can be stated as follows:

If i # j and x; > x; > 0, then s; + s; < n. Furthermore, if z; > 2, then 2s; < n. (2)
In general, we say the expression s7's3? - - - s;* is a partition type of V(n,q) if the s; are distinct, the z;

are nonnegative, and conditions (1) and (2) are satisfied for S = V(n, q).

We note that there are partition types of V(n, q) for which no partition exists. For example, 201! is
a partition type of V'(5,2), yet by [7, Lemma 2.1] no partition of V(5,2) of this type exists. A number
of papers investigate the partition types for which a corresponding partition exists. (See, for example,
[10], [11], [12], [13], as well as [3], [7], [8], [9], and [16].) Note also that partial spreads, considered,
for example, in [5] and [15], become vector space partitions if we include the remaining 1-dimensional
subspaces in our partitions.



This paper is an extension of [7] and [16]. In particular, we give the main theorem of the present
paper.

Theorem 1 (main theorem) Let s > 3 and n > 2s be integers, ¢ be the least residue of n modulo

[ 1 ifcis even T (2 -1) -1
s’e_{o if ¢ is odd, "M = 3

x(2°— 1)+ 3y =2" —1 and y > h, then there exists a partition of V(n,2) of type s*2Y.

. If x and y are nonnegative integers such that

In the conclusion of Theorem 1, it is easy to see that the minimum possible value of x is 0 and the

maximum value of x is
on 1 3h 2n - 2ste

25 —1 25 —1

m = + €.

The number
an _ 2s+c

25 — 1
was conjectured in a 1972 paper [15] by Hong and Patel to be the maximum number of s-dimensional
subspaces in V(n,2) having trivial pairwise intersections. Although the Hong-Patel conjecture was
recently disproved for n > 8, s = 3, and ¢ = 2 (see [6]), for no n is there a presently known partition
of V(n,2) of type s*2¥ in which x exceeds m. Thus the conclusion of Theorem 1 accounts for all the
partition types of V(n,2) into subspaces of dimensions 2 and s except those that would contradict the
Hong-Patel Conjecture. Furthermore, Corollary 22 states that when ¢ = 0,1, or 2, our main theorem is
actually an “if and only if” statement.

Note that the main theorem does not include the s = 1 case. We discuss this case in the next section
and see that something similar is true.

The rest of the paper is organized as follows. In Section 2, we first treat the case when s is even,
showing that a more general version of our main theorem for arbitrary ¢ follows as a corollary from
Lemmas 2 and 3. Therefore, we can reduce to the case when s is odd. Furthermore, since [7, Theorem
4.4] implies our main theorem for s = 3, we only consider the case when s > 5. Section 3 gives some
general constructions of partitions for arbitrary ¢. In particular, in Section 3 we identify particular
subsets of V(n,q) that can be partitioned in multiple ways. This allows us to tranform a given vector
space partition of V(n,q) into another vector space partition of V(n,q) of a different type. In Section
4, we restrict our attention to the case when ¢ = 2 and use the constructions in Section 3 to form
some initial partitions of V(n,2). Finally, in Section 5, we use the partitions in Section 4 to prove the
initial cases for our main theorem (see Theorems 18, 19, and 20) and then combine these cases with
[16, Theorem 1.4] to give an inductive proof of our main theorem.

While some of the techniques used in this paper are introduced in [16, Section 3] in the case when
s = 5, here we consider arbitrary odd values of s that are at most [§]. (Note that when s > |7, there
can be at most one s-dimensional subspace in a partition of V(n,2) by condition (2). Furthermore, in
order to have a partition of type s'2Y, we must have n = s (mod 2).)

+1

2 Some known partitions of type s*2Y for arbitrary g

Let ¢ be a power of a prime and F = GF(q). Let V be an n-dimensional vector space over F. In this
section, we bring together some previous results and sometimes rephrase them to be consistent with the
statement of our main theorem. Much of what we do in here follows from two known results that we
restate here for the reader’s convenience.

Lemma 2 (André [1]) Let m > 0 be a divisor of n. Then there exists a partition of V(n, q) of type m”,
q" —1
m _ 1"

where k =



Lemma 3 (Beutelspacher [2] and Bu [4]) Let 1 < d < n. Then there exists a partition of V(n,q) of
type (n — d)1d?" ™",

By recursively applying the above lemma, we get the following as a direct consequence.

Lemma 4 Letd; < do2 < n be positive integers such that n = do (mod dyi). Then there exists a partition

1.9 _a" - g
of V((n,q) of type dydi for g = o1

We startnwitlll the s = 1 case. If n is even, by Lemma 2, there exists a partition of V of type 102
q" —
¢>—1
dimensional subspaces with pairwise trivial intersection, we can transform any partition of type 1¥2¥
into a partition of type 1#+t4+12¥=1 in this way. As a result, when n is even there exists a partition of
type 172¥ for every nonnegative integer solution to the diophantine equation z(¢—1)+y(¢>—1) = ¢" —1.
If n > 3 is odd, we note that by successively applying Lemma 3 when d = 2 and n > 5, we have
" -4’
Q2 —
subspace of type 211‘12, we get a partition of V' of type 19°27+1, So, by reconfiguring the two-dimensional
subspaces into ¢ + 1 one-dimensional subspaces, one two-dimensional subspace at a time, we get a
partition of type 172¥ for all nonnegative solutions to the diophantine equation z(q — 1) + y(¢> — 1) =
q" — 1, where x > ¢?. Note that it follows from [12, Theorem 1] that = > 2¢ when n is odd. Hence
for ¢ = 2 and ¢ = 3, the above solutions account for all partition types of the form 1¥2¥ for which a

partition of V exists. We summarize these results below.

where u = Since every two-dimensional subspace can also be viewed as the union of ¢ + 1 one-

a partition of type 3'2%, where z = Since there exists a partition of any three-dimensional

Theorem 5 Let g =2 or q =3, n > 2, and let b be the least residue of n modulo 2. Then there exists
a partition of V(n,q) of type 1°2Y if and only if x and y are nonnegative solutions to the diophantine

n_1 2
equation (g — 1) + y(¢*> — 1) = ¢" — 1 such that 0 < y < 32_1 N <C]3—1> b.

Next, we consider the case when s > 4 is even. Note that if n is odd, there does not exist a partition
of V of type s72¥ since, if there were such a partition, then 2" — 1 = (=1)" — 1 = 1 (mod 3), while
z(2°—=1)+3y =z((—-1)* —1) =0 (mod 3), contradicting (1). Hence we can assume that n = dim(V')
is even.

In this case, we can use Lemmas 2 and 3 to obtain the following theorem.

Theorem 6 Let n > s > 4 be even integers such that 2s < n, and let ¢ be the least residue of n modulo
qn _ qurc

P + 1 there exists a partition of V(n,q) of type
q [e—

s. Then for every integer i such that 0 < i <

sTi¥i  where
qn _ qurc qs+c

) —q° @ —1Y\.
L 1— d v = )
T; = Fo1 + 1 and Yy 21 —|—<q2_1>z

Proof. Let n = sj+ ¢, where j > 2 and c is even. When ¢ = 0, we use induction on j to prove
this case of the theorem. So let j = 2. Then by Lemma 3. there exists a partition of V of type
(s + c)lsqs+c. Let W be the subspace in this partition of dimension s + ¢. Now by Lemmas 2 and 3,

s+c __ .S
there is a partition of W of type s'2¥ where y = a 3 7. Therefore, V' has a partition of type s¥2Y
qn _ qs+c a4
where z = ¢* ™ +1=*+—— +1.
¢ -1

Next, assume the theorem is true for i = 0 and for a given j > 2. If V' is a vector space of dimension
n = s(j+1)+¢, by Lemma 3 there exists a partition of V of type (sj+¢)'s?” . Let W be the subspace



in this partition of dimension sj + ¢. By our induction hypothesis, there exists a partition of W of type

, qu+c _ qs+c qs+c _ qs
572" where 2’ = Q1 +1landr= R Therefore, we have a partition of V' of type s*2",
q° — q= —
where
) sj+c _ ,s+c ) sj+c _ ,s+c s(j+1)+e _ ,sj+c n __ . s+c
x:x/_’_qsy&-c:%_i_l_i_qsg—i-c:q q +q q +1:u+1
¢° =1 -1 ¢ -1

Hence the theorem is established for 7 = 0. s

. . . . . q —
Since s > 4 is even, each s-dimensional subspace can be reconfigured into 5

two-dimensional

subspaces by Lemma 2. By starting with the ¢ = 0 case and making this conversion one s-dimensional
subspace at a time, we get the remaining partitions. |

3 Some general results

As above, let ¢ be a power of a prime, FF = GF(q), and V be an n-dimensional vector space over F.
Let t = L%J, where n > 5. Let V7, Vo C V be two t-dimensional subspaces of V' with trivial intersection,
so that either V =V @ Vo or V = V] & V5 & R when n is even or odd, respectively, and R C V is a
one-dimensional subspace such that RN (Vi @ Vi) = {0}. Then we can think of each V; as a copy of a
degree t field extension K of F. Because K is a finite field extension of F', we know that K is Galois
over F' with a cyclic Galois group G = (p) of order ¢, where p(z) = x4 for all z € K. For any field L,
we will denote the set of nonzero elements of L by L*.

3.1 n even

We start by considering the case when n is even, so that n = 2t. In this case, we can view V as a
2t-dimensional F-vector space or as a 2-dimensional K-vector space. Using this latter characterization,
we write V = K & K. One way to realize an F-vector space partition of type 7'+ is to consider the
one-dimensional K-subspaces of V that we identify with the projective line over K, which is usually
denoted by IP’}(. The elements of ]P’}{ are of the form Kv for some nonzero v € V. In general, for any
(a,b) e K@ K =V, we let K(a,b) = {(ka,kb) : k € K} CV. So for every a € K, let K, = K(1,«a),
and let Ko, = K(0,1). We call this partition the projective line partition. If W C K is an F-subspace,
we write U, to denote the subspace {(u,au):u € U}.

We now consider some constructions that allow us to group subspaces in such a way that we can
reconfigure each group independently to get F-vector space partitions of V' of different types. First, we
use the F-algebra Galois automorphism p.

For any subspace U C K and any «a,x € K with x # 0, let us define

Ua(z) = {(zu, p(x)u + azu) :u € U} = {(zu, 2% + azu) :u € U}.

Note that Uy(z) C Ko(z) = K (2,29 4+ ax) = K(1,2971 + a).
Next, we include the following well-known lemma.

Lemma 7 Let z,y € K* be such that 2971 = y9=1. Then there exists a € F such that y = ax.

1 is a zero

L — ¢ for

Proof. Assume z,y € K* are such that 297! = y9=!. Then (y2=')?"! = 1; hence yz~
of 2471 — 1. But the zeros of 297! — 1 are exactly the nonzero elements in F. Therefore, yz~



some a € F* | and we get y = ax, as claimed. |
It follows that
Ko(z) = Ko(a) & 271 = (o)7L, (3)
Furthermore, it follows from definitions that
Un(z) = {z(u, (@7 '+ a)u) :u € U} = 2(Uga-144)- (4)
Similarly, for any F-subspace W C K and for any y € K*, we can define the subset
We(y) = {(wy, (w! + aw)y) : w e W}.
Theorem 8 Let o € K and W C K an F-subspace of dimension s. Then the following hold:
1. For anyy € K*, the set W(y) is an F-subspace of V' of dimension s.

2. For any y,y' € K*, we have
W) NW(y') £ {0} & W(y) = Wy) & Fy = Fy'.
3. For any F-subspace U C K of dimension r, we have

U Uulx)= | W) ={(zy, @+ az)y) : x € W,y € U}.
0FzeW 0#£yeU
S __ T o__ 1
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Furthermore, the above set can be partitioned into either 4 7 subspaces of dimension r or a 1
q— q—

subspaces of dimension s.

Proof. (1) Let o,y € K with y # 0. To show the W%(y) are subspaces of dimension s, we define
the function ¢qy : K — V by ¢ay(z) = (2y, (27 + az)y) for all x € K. We claim that ¢, is an
injective F-linear transformation.

Indeed, for any x,2’ € K and any b € F, we have

Pay(2)+b¢ay(2') = (zy, (27 +ax)y)+b(2'y, (') +az')y) = ((z + b2")y, (27 + ax) + b((2)? + aa’))y)

= ((z + ba)y, ((z + ba")! + a(z + ba'))y) = ¢ay(z + bz'),

since x + x¢ is an F-linear transformation. Furthermore, ¢ y(2) =0 =2y =0 =2 = 0since y € K*,
and hence ¢, 4 is injective.

Finally, for any F-subspace W C K, we have W (y) = ¢q,y(W), so that W(y) is an F-subspace of
V of dimension s, as claimed.

(2) Let a,y,y € K with y # 0 # /. If Fy = Fy/, then there exists b € F such that ¢y = by.
So for any w € W we have (wy/, (w? + aw)y’) = (bwy, b(w?! + aw)y) = (bwy, ((bw)? + abw)y). Hence
We(y) = We(y').

Conversely, assume 0 # v € W%(y) N W%(y'). Then there exist w,w’ € W such that (wy, (w? +
aw)y) =v = (W'Y, (W) + aw')y’). Hence wy = w'y/, and since w # 0 # w', we have

(W + a)(wy) = (W) +a)(wy) = v +a= W) +a=w = W)l

Therefore Fw = Fw' by Lemma 7. Thus there exists b € F such that w’ = bw, and therefore bwy’ =
W'y =wy = by =y = Fy = Fy. It follows from the preceding paragraph that W(y) = W*(y/).



(3) First, the equality of the above unions follows immediately from definitions. Furthermore,
because there are ¢" — 1 nonzero elements in U, there are % distinct s-dimensional subspaces in the
set {W*(y) : 0 #y € U} by (1) and (2). Furthermore, if we let Ua(W) = Uy e W (y), it follows
from (1) and a counting argument that U, (W) is the union of qqs_;f subspaces of the form U, (w) for
0 # w € W. As each grouping of these subspaces have pairwise trivial intersections, we get the claimed
partitions. I

For convenience, for any subspaces U, W C K and any a € K, we define the notation

UalW) = |J Ualw) = |J W) = W), 5)

0AweW 0#£uelU

In general, we will write U, (W) to emphasize the above set as a union of the subspaces U, (w), and we
write W(U) to emphasize the above set as a union of the subspaces W (u).

Hence it follows from Theorem 8 that if we can find a collection of subspaces of a partition of V'
whose unions are of the form U, (W) for subspaces U,W C K, then we can transform this collection
into the appropriate number of subspaces of dimensions dim(U) and dim(W). This will be our general
strategy in Section 5.

3.2 n odd

Now assume V = K @& K @ R, where R is an F-vector space of dimension r, and let A : K — R be an
F-linear transformation. While we are primarily interested in the case when R = Fv for some nonzero
v € V, the initial construction is more general, and so we include the more general formulation here.

Let Vp be the subspace K & K @& {0} C V, and let us identify R with the subspace {0} & {0} & R.
Let « € K and U,W C K be F-subspaces. Let Uy(W) C Vp and W*(U) C V; be the unions of
subspaces defined in equation (5). Also, for any nonempty subset S C V and any vector y € V, define
S+y={u+y:ueS}and the sets

Uan(@) = {(zy, (27 + ax)y, A(z)) : y € U} = Ua(x) + A(z) (6)
for each z € K*,
WA (y) = {(wy, (w? + aw)y, A(w)) : w € W} (7)
for each y € K*, and

UanV) = | J Uanlw)= [J W*Nu) = W*NU).
0£weW 0£uel

Note that U, »(z) is a subspace of V if and only if = € ker()\). For W®(y) we have the following
lemma.

Lemma 9 Let o,y € K withy # 0, and let W C K be an F-subspace. Then W (y) is an F-subspace
of V' of dimension dim(W).

Proof. Define a function ¢a,y : W — V by ¢y (x) = (zy, (x?+ax)y, A(x)). Then for any z,2’ € W
and any a € F' we have

Yayle +az’) = ((@+ax')y, (@ +ax')? +alz + az'))y, A + az’))
(2y + aa'y, (29 + a)y + (') + a2 )y, A(@) + aA(@)
Pay (@) + athay (@).

6



Hence 1, is F-linear. It is straightforward to show that 1, is injective since y € K*. Finally, the
image of 1,y is WA(y), completing the proof.

We can now prove a result that parallels the forward implication of Theorem 8(2).

Proposition 10 Let « € K and let W C K be a subspace of dimension s. Then for any linear
transformation A\ : K — R and any y,y' € K™ we have

Wa,)\(y) N0 Wa,)\(y/) 7& {0} o Wa,/\(y) — Wa,)\(y/) = Fy _ Fy'.

Proof. Let A : K — R be an F-linear transformation, and let v,y € K* be nonzero.

If 0 # v € W¥Ny) N W**(y'), then there exist nonzero w,w’ € W such that (wy, (wi™t +
a)wy, M(w)) = (w'y, (W)t + a)w'y’, \(w')). Hence wy = w'y’ 7é 0= wit+a= ( Nt 4+ o =
wi! = (w')971. Thus by Lemma 7 there exists b € K such that w' = bw; so wy = w'y’ = bwy’ = y =
by'. Hence Fy = Fy/, as claimed.

If w & ker(X), we get A(w) = Aw') = AMbw) = bA\(w) #0=b=1= w = w'. Since wy = w'y’, we
have y = ¢/, and hence W®?(y) = WA (/). Finally, if w € ker()\), then w’ € ker(\). So the equality
WA (y) = WeA(y') follows from Theorem 8.

4 The g =2 case

When ¢ =2 and V = K @ K, we have for any z,a € K with x # 0 that K,(z) = K;4q. Therefore, if
K =W & W’ for some subspaces W and W, then Proposition 11 gives us Ko (W) N Kg(W) = {0} for
distinct elements a, 3 € W’. Then we can apply Theorem 8 to reconfigure collections of subspaces of
the form K, (W), where a € K and W is a proper subspace of K of dimension s. In Proposition 13, we
see that something similar will hold for the case when the dimension of V' is odd. So let us fix a proper
subspace W of K of dimension s < t.

4.1 n even

Let n = 2t. Then K,(W) has a partition of type ¢2°~! consisting of subspaces of the form Ky, for
w € W which are contained in the projective line partition of V. Furthermore, we get the following
proposition.

Proposition 11 Let W' C K be a subspace such that K = W @ W'. Then for any a # 8 € W' we
have Ko(W) N Kg(W) = {0}.

Proof. Letw € Ko(W)NKg(W). Then there exist z,y € W such that w € K, (x)NKg(y). If w # 0,
then 2~ (2% +azx) = y~ 1 (y?+By) = z+a = y+B. But thisgivesz—y = f—a € WNW' = {0} = = q,
which is a contradiction. Therefore, w = 0, and so K,(W) N Kg(W) = {0}.

It follows from equation (3) that K, (w) = K,(w') < w = w'. Therefore, the subspaces K, (w) for
w € W partition the set K (V).

Theorem 12 Let V = K ® K and t = dim(K). Then for any s <t and any 0 < j < 2!7%, there exists
a partition Pj of V. of type t*91)sP0) where a(j) = 28 +1 — (2° —1)j and b(j) = (2* — 1)j. Purthermore,
this partition contains the subspaces Ko, Ko, and Kg for all f € W', where W' is a subspace of K of
F-dimension t — s.



Proof. Let W and W’ be F-subspaces of K such that K = W @& W' and dim(W) = s, so that
dim(W’) =t —s. When j = 0, we just use the projective line partition.

Next, let 1 < j < 275 and let S C W' be a subset of exactly j elements. Then for each 3 € S we
can reconfigure the 2° — 1 subspaces in K3(W) into the 2! — 1 subspaces W#(y) of dimension s for all
0 # y € K. Since by Proposition 11 the Kg(W) are distinct for distinct 5 in S, we get the appropriate
partition. It is also straightforward to check that Ko N Kg(W) = {0} = Ko N Kg(W) for all 5 € W';
hence Ky and K are both in the resulting partition.

Furthermore, since Kg(w) = {(wy, (w + flwy) : y € K}, where 0 # w € W, we see that for
any v € W’ we have K, N Kg(W) # {0} = (wy, (w + Bwy) = (zy',yxy’) for some 0 # w € W,
x,y,y € K\ {0}, and B € W. As wy = 2/ # 0, we have w+ =~ = —~v = w # 0. But then
w € WN W' = {0}, which is a contradiction. So K, N Kg(W) = {0} for all 3,y € W'. |

4.2 n odd

Let n = 2t + ¢ for some 0 < ¢ < t and let R be a c-dimensional F-vector space. Let V = K & K @& R.
It follows from Proposition 10 that for any a € K, any F-linear transformation A : K — R, and any
F-subspace W of K we have W (y) N WX (y') # {0} < y = ¢/. In addition, we have the following
proposition.

Proposition 13 Let W C K be an F-subspace, and let o, 8 € K such that o — 3 & ker(A\) N W. Then
for any y,y' € K* we have W (y) N WHA(y) = {0}.

Proof. Assume 0 # z € W (y) N WPA(y/). Then there exists nonzero z,z’ € W such that
(zy, (2% + ax)y, A(z)) = z = (2'y, (&")* + B2")y’, A(')).
Hence xy = 2’1/, and so we get
(z + @)zy = (2 + ax)y = ((2')* + fa’)y’ = (2’ + B)a'y.
Therefore x +a =2/ + 8 =2’ =2z +a — 3, and a — § € W. Now, by looking at the last component,

we also have \(z) = A(2') = A(z) + AM(a — 8) = a — f € ker()\). |

In what follows, we will primarily be interested in the case when R = F'v for some nonzero vector
v € V, so that ¢ = dimp(R) = 1. So if W C K is a subspace of dimension s > 2 not contained in the
kernel of the linear functional A : K — F', we can construct a direct sum decomposition of K of the
form

K =W nker(\) ® Fw o W/,

where W = (W Nker(\)) @ Fw and ker(\) = (W Nker(\)) @ W’. As such, for each « € W @ Fw,
Lemma 9 shows that the set W**(K) is the union of 2 — 1 subspaces of dimension s = dim (W), and
Proposition 13 shows that for any a # 8 € W’ @ Fw we have W K) N WP (K) = {0}.

Lemma 14 Let V = K ® K @ Fv for some nonzero v € V, let Vi be the subspace K & K @ {0}, let
A : K — Fuv be a linear transformation, and let « € K. For any subspace U C K we have the following.

1. If U Cker(A), then Ko \(U) = Ko(U) C 1.
2. If U & ker(\), then for any x € U \ ker(\)

Kaa(U) = Ko(U Nker(\) U (Kasya(U Nker(A)) + v) U (Kage + v) -



Proof. (1) Assume 0 # u € U C ker()\). Then K, \(u) = Kq(u) + A(u) = Kq(u), and hence the
equality follows.

(2) If U ¢ ker(A), then dim(U Nker(\)) = dim(U) — 1 since dim(ker(\)) = ¢ — 1. So for any
x € U\ ker(\) we have a corresponding direct sum decomposition U = Fx & (U Nker(\)). Since ¢ = 2,
we get U = (UNker(\))U((UnNker(X))+z). So for any 0 # u € UNker(\) we see that K, x(u) = Kq(u)
and Ky \(u+2) = Ko(u+ ) +v = Koya(u) +v. Finally, we have K, \(2) = Ko(2z) + v = Kypo + .
Therefore,

Ko (U) = Ko(UNker(N) U (Katz(U Nker(N)) +0) U (Kotq +v).

)

Proposition 15 Let ¢ = 2 and V' be a vector space such that dim(V') = 2t + 1. Then for any s < t
there exists a partition of type (t + 1)'t%sY, where x = 2!75%1 and y = 220—5+1 — gl=s+1,

Proof. As above, let K be a field extension of degree t over F, and let V = K & K & Fv for some
nonzero v € V. Let A : K — F be a nontrivial linear transformation and U C K be a subspace of
dimension s such that U € ker(\). Then dim(U Nker(\)) = s—1, and we can choose a subspace W C K
of dimension ¢ — s+ 1 such that K = W & (U Nker(A)), dim(W Nker(A)) =t —s, and dim(WNU) = 1.

Then, for each o € W, the set K, »(U) has a partition consisting of 2/ — 1 subspaces of dimension s
by Lemma 9. So J,c Ka,x(U) has a partition consisting of 2675+ (2f — 1) = 22~ —2t=s+1 subspaces
of dimension s by Proposition 13.

Observe that K., @ F'v is a subspace of dimension ¢+ 1 not included in the above sets. Furthermore,
for any w € K we have w = wy + w; for some wy € U Nker(A) and w; € W. Choose u € WNU so that
A(u) = 1. Then Ky +v = Ky, (wo) +v = Ky {a@)ur(Wo + AMw)u) € Koy 4 a@w)ux(U). Hence

Ky+vC | Kan(U)
acW

for all w € K.
Finally, for each 8 € W we have K3 N K, 2\(U) = {0} for all « € W. Hence {Kg: 3 € W} is a set
of 28751 subspaces of dimension ¢ that completes the desired partition.

5 Partitions of type s*2Y for s odd

Let s > 3 be odd. In this section, we use the partitions given in Theorem 12 and Proposition 15
to construct the partitions of type s*2Y needed to prove the initial cases for our main theorem (see
Theorems 18, 19, and 20). Once we establish these cases, we can combine them with [16, Theorem 1.4]
to give an inductive proof of our main theorem.

First, we will assume dim(V) = 2¢. If s = ¢, then for any solution x and y of the diophantine
equation (2° — 1)z + 3y = 22 — 1 there exists a partition of V of type s72¥ by [3, Lemma 2.1].

Next, assume s < t < 2s. Decompose K = W @ W', where dim(W) = s. Then

{K}U{Ks:aeW'}U ( U {Kp: K C Ka(W)}> , (8)
aeW’

is a t2t+1—partition of V', which is our initial projective line partition. Also, by Theorem 8, each set
K (W) can be partitioned into 2! — 1 subspaces of dimension s. Therefore, we can also view the above



decomposition as a partition of type t2 152 *('=1) where for each a € W’ we have
K, (W) =W*(K).

Since we are interested in partitions of type s*2Y, we first restate [16, Lemmas 3.5 and 3.6] which
we will use to reconfigure the subspaces K.

Lemma 16 [16, Lemma 3.5] Let Ay, Aa, Az be subspaces of V=K @ K of dimension t such that A; N
A; ={0} fori#j. ThenV = A1 @ Ay. Let m; : V — A; for i = 1,2 be the corresponding projection.
Then:

1. For any 0 # x € As the set By = {0, z,m1(z), m2(2)} is a two-dimensional subspace of V' contained
in Ay U Ay U As. Hence there exists a partition of A1 U Ay U As of type 22'~1,

2. For any s < t, A; U Ay U Ay has a partition of type s32% %",

Let K = U & U’ be a direct sum decomposition and choose 0 # ¢ € U’. If we consider the direct
sum decomposition U’ = U” & Fc for some subspace U”, then we get the following lemma.

Lemma 17 [16, Lemma 3.6] For any o € U” we have
K,(U® Fc)=Ko(U)U Katc(U)U Kqe.
Now we can prove the first of a series of three theorems.

Theorem 18 Let V = K @ K, where t = dim(K), so that dim(V') is even. Let s be an odd integer
such that s <t < 2s. Then for each 0 <i < % (22t_s + 1) there exists a partition P; of V' of type s¥12Yi,
where .

=24+ 1) =3 and vy = 3 7S 98) 4 (25 — )i

Proof. 'We break this proof up into two cases. First we consider when ¢ is even (so n =0 (mod 4)),
then we consider the case when ¢ is odd (so n =2 (mod 4)).

Case 1: Assume t is even. To prove Py exists, we start with the projective line partition as
described in (8). By Theorem 8, for every a € W’ we can partition K, (W) into 2! — 1 subspaces
of dimension s. Since there are 2=% of these sets, we have partitioned their union into 22/=% — 2¢=
subspaces of dimension s. In addition, we have 2!~ +1 subspaces of dimension ¢, which are the subspaces
{Kop:ae WHU{Kx}.

Since t is even, t—s is odd, so 287 +1 = 0 (mod 3). As a result, we can divide up these t-dimensional
subspaces into %(Zt_s + 1) triples. Using Lemma 16, the union each of these triples can be partitioned
into three subspaces of dimension s and 2! — 2% subspaces of dimension 2. Hence, from the union of
all of these triples of t-dimensional subspaces we get a partition conisisting of 2= 4 1 subspaces of
dimension s and (2/7% +1)(2¢ — 2°) = £(2%~% — 2°) two-dimensional subspaces. We now combine all
of the above to get a partition of V. Since there is a total of (2275 — 20=%) 4 (2075 4 1) = 22175 - 1
subspaces of dimension s in this partition, we have a partition of type s*02%0,

Next, to get the remaining P;, it is sufficient to create an appropriate number of triples of s-
dimensional subspaces that can be reconfigured into 2° — 1 two-dimensional subspaces.

Since t is even, there exists a partition of K consisting of d = %(2t —1) subspaces of dimension 2. Let
Ut,...,U; be the subspaces of this partition. Then for any o € W', the 2! — 1 subspaces of dimension
s in Ko(W) can be grouped into sets of three {WW(u) : 0 # u € U;} for 1 < j < d. But

weu) = |J W) = (U))a(W),
0AuecUj
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and so by Theorem 8 can partitioned into 2° — 1 subspaces of dimension 2. Hence we need only consider
the partitions of the K, for a € W’ and K. But in Py these were grouped in triples. Since t is even,
we can take any three of these subspaces and partition each individual subspace into %(2t — 1) subspaces
of dimension 2. This reconfigures 3 subspaces of dimension s and 2! — 2% of dimension 2 into 2! — 1
subspaces of dimension 2. Thus the theorem follows when t is even.

Case 2: Now assume ¢ is odd. To prove Py exists, we again start with the partition given in (8). As
above, by Theorem 8 K, (W) can be partitioned into 2! — 1 subspaces of dimension s for each o € W’.
Hence the union of all of these sets can be partitioned into 2%~ — 2!=% subspaces of dimension s. In
addition, we have 2!~% + 1 subspaces of dimension ¢, which are the subspaces {K, : @ € W'} U {Kq}.

Since both s and ¢ are odd, by Lemma 4 we can partition each ¢t-dimensional subspace above into one
subspace of dimension s and %(Qt —2°%) subspaces of dimension 2. Therefore, the union Ko UJ,cp Ko
can be partitioned into 27 + 1 subspaces of dimension s and (2" — 2%)(2!7% + 1) = 1(2%7% — 29)
subspaces of dimension 2. Hence by combining these partitions of subsets we again have a partition of
V of type s*02%0,

Next, to get the remaining P;, it is sufficient to create an appropriate number of triples of s-
dimensional subspaces that can be reconfigured into 2° — 1 two-dimensional subspaces.

Choose 0 # ¢ € W and W” C W' such that W/ = W” @ Fe. Then we can rearrange our initial
projective line partition of V as

{KOO}U{KQZ(XEW”}U< U {Kﬁ:KggKa(W@FC)}) .
acW”

Since dim(W") =t —s—1 is odd, the number of subspaces in the set { Ko} U{K, : « € W"} is divisible
by 3, and so we can group these subspaces into triples and use Lemma 16 to change the partition of
each triple from a partition of three s-dimensional subspaces and 2! — 2% two-dimensional subspaces to
a partition of 2! — 1 two-dimensional subspaces.

Since t is odd, we can create a partition of K of type s'2° where b = %(T — 2%). Let W be the
subspace of dimension s in this partition, and let Uy, ..., U, be the two-dimensional subspaces in this
partition. As sis odd, there exists a partition of W of type 95(2°=5)14 Tt Upt1, ..., Uy be the subspaces
of dimension 2 in this latter partition, where g = %(2f — 5).

Next, we look at two ways to partition the set K, (W @ F'¢) into subspaces of dimensions 2 and s for
each a € W”. Our first method will give us nine subspaces of dimension s or more, while our second
method will give us nine subspaces of dimension s or fewer.

To describe our first method, for each « € W” we apply Lemma 17 to the set K,(W @ Fc¢) =
Ko(W)U Ko+ e(W) U Kgye. As with K, we can partition K. into one s-dimensional subspace and
b two-dimensional subspaces. Next, by Theorem 8, each (U;)o(W) and (Uj)a+c(W') can be partitioned
into three s-dimensional subspaces or 2° — 1 two-dimensional subspaces. In this way, we can reconfigure
K,(W @ Fc) three s-dimensional subspaces at a time so that there are only nine s-dimensional subspaces
in this set and the rest are two-dimensional subspaces. Hence we have reorganized the set K, (W & Fc)
from a partition of 2!7! — 1 subspaces of dimension s and %(2t — 2%) subspaces of dimension 2 into a
partition of nine subspaces of dimension s and (2! —2°4 (21 -10)(2°—1)) = (21 -2 —11(2%)+10)
subspaces of dimension 2 by changing partitions of (U;)a(W) of type s3 to partitions of type 22°~! one
set at a time.

To describe our second method, we note we can also partition the set K,(W @ Fe) into 25! — 1
subspaces of the form K. As s+ 1 is even, 25t1 — 1 = 0 (mod 3), hence we can group these Kpg
into triples and use Lemma 16 to partition each triple into three subspaces of dimension s and 2! — 2°
subspaces of dimension 2. In this way, we can partition K, (W @ Fc) into 257! —1 subspaces of dimension
s and $(2°F1 — 1)(20 — 2%) = L(2¢Fs+l — 2f — 2251 4 25) subspaces of dimension 2. Since s > 3, the
number of s-dimensional subspaces is 2571 — 1 > 9, so we have partitioned K, (W @ Fc) into 25! — 1
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subspaces of dimension s and %(254'1 —1)(2" — 2%) of dimension 2. Now we can use Lemma 16 to change
the partition each triple of subspaces of the form Kz from a partition of type $322' 72" {0 a partition of
type 221,

By converting K,(W & Fc) for each a € W” in this way, one at a time, we get all the remaining
partition types, and hence the theorem is proven. |

Next, we consider the case when dim(V') = 2t + 1 is odd. If s = 3, then our main theorem follows
from [7, Theorem 4.4]. So assume s > 5. Let V = K@K @ Fe, where dimp(K) = t. Write K = W W/,
where dim(W) = s, and let A : K — F be a linear functional such that W ¢ ker(\) and W’ C ker ().
So W = (ker(\) N W) @ Fw for some 0 # w € W. Then by Lemma 9 and Proposition 13, for each
a € W' @ Fw, we can partition K, y(W) = W**(K) into 2¢ — 1 subspaces of dimension s. We use this
to prove the following theorem.

Theorem 19 Let dim(V) = n =1 (mod 4), where n = 2t + 1 with 5 < s <t < 2s. Then for each
0<i< %(2%_5‘*‘1 — 1) there exists a partition Q; of V' of type s*i2Yi where

z; =227 30 and oy = %(22*3+1 — 1) + (28 — 1)i.

Proof. Let V, K, W, W’ X, w, and c be as above. As in Theorem 18, we first prove Q exists. For
each o € W' @ Fw we can partition the set W®*(K) into 2! — 1 subspaces of dimension s. Hence we can
partition the union of the W®*(K) over all « € W’ @ Fw into 27571(2! — 1) subspaces of dimension s.
Furthermore, for any g € K = (Wnker(\))®W'®Fw, we can find o € W@ Fw and v € Wnker(\) such
that f—w = a+~. By equation (4), we have Kg+c = K,(w+~)+c. Therefore, by equation (6), we have
Ko(w+7)+c=Kux(w+7) C Ko \(W) = WNK) C Usewarw WM K). Thus the complement of
the above union can be partitioned into the 2¢=5+! subspaces { K, : « € W@ Fw} of dimension t and the
subspace Ko, @ Fc of dimension ¢+ 1. Since t is even and s is odd, 2:=5*! = 1 (mod 3); so we can group
2t=s+1 _ 1 of these t-dimensional subspaces into triples and apply Lemma 16 to each of these triples to
get 2071 — 1 more subspaces of dimension s and §(2!7571 — 1)(2 — 2%) = (2% —s+1 — 21 _ 2f 4 95)
subspaces of dimension 2. Since ¢ is even, the one remaining subspace of dimension ¢ can be partitioned
into $(2° — 1) subspaces of dimension 2. Finally, since dim(K ® Fc) =t + 1 is odd, we can partition
this into one subspace of dimension s and %(2”1 — 2%) subspaces of dimension 2.

So, in total, the number of subspaces of dimension s in our partition of V is

2t78+1(2t o 1) 4 (21‘/*84’1 _ 1) 4 1 — 22t*8+1 = o,

and the number of two-dimensional subspaces is

1(22t—s+1 _ 2t+1 _ 2t + 25) + l(zt . 1) + 1(2t+1 _ 23) — }(22t—s+l o 1) = 0.
3 3 3 3
Hence we have Q.

To find the other Q;, we show that we can partition unions of triples of s-dimensional subspaces into
sets of 2° — 1 two-dimensional subspaces one triple at a time. We leave the partition of K, @ F'c alone,
as well as the one K, not used in the preceding triples. For any triple of the K, mentioned above, we
use Lemma 16 to partition the union of three s-dimensional subspaces and the 2! — 2% two-dimensional
subspaces into 2! — 1 two-dimensional subspaces.

Next, let Y7,...,Y}, be a partition of K into two-dimensional subspaces, where b = %(Qt —1). Now
we look at partitioning the set Wa’)‘(Yj) into 2° — 1 two-dimensional subspaces. Let Wy, Z1, ..., Z4 be

a partition of W, where Wy C ker()) is of dimension s — 2, Z; is of dimension 2, and d = §(2° — 2°7%),
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(Such a partition exists since we are assuming s > 5.) Now each (Z;)**(Y;) € WeA(Y;) is a two-
dimensional subspace. Furthermore, (Yj)q () is a two-dimensional subspace for every 0 # = € Wy
by Lemma 14. Hence we can partition WO")‘(Y]-) into either three s-dimensional subspaces or 2° — 1
two-dimensional subspaces. This completes the proof. |

Theorem 20 Let dim(V) = n = 3 (mod 4), and let n = 2t + 1 with 5 < s <t < 2s. Then for each
0<i< %(2%_5‘H — 1) there exists a partition Q; of V' of type s*i2Yi where

1
x; =245 30 and oy = g(22*3“ — 1)+ (2% — 1)i.
Proof. Let V, K, W, W/, X\, w, and ¢ be as in the paragraph preceding Theorem 19. As

before, we first prove Qg exists. Consider the partition of type (¢ + 1)'t9s", where g = 2!=5T! and
h = 22t=stl _ot=s+l oiven by

{KOO@FC}U{Ka:aeW’@Fw}u< U {WQ’A(k):keKX})
aeEW'®Fw

For each a € W’ @ Fw the set W**(K) consists of 28 — 1 subspaces of dimension s; hence this
gives us 2075H1(28 — 1) = 220=s+l _ 9t=s+1 gybspaces of dimension s. Furthermore, for any 3 € K =
(W Nnker(\) ® W' @ Fw, we can find a € W' & Fw and v € W Nker()) such that § —w = a4+ ~. By
equation (4), we have Kg + ¢ = K,(w + ) + ¢. Therefore, by equation (6), we have K,(w + ) + ¢ =
Kox(w+7) € Kapx(W) = WONK) € Uy ewrare WPN(K). Thus we are left with the 2/7°*! subspaces
{Ky:a € W®Fuw} of dimension ¢ and the subspace Ko, @ Fc of dimension ¢+ 1. Since n = 3 (mod 4),
necessarily ¢ is odd. So we can partition each K, into one subspace of dimension s and %(2’5 — 2%)
subspaces of dimension 2. Also, dim(Ks @ Fc) = t + 1 is even; so we can partition Ko, @ Fc into
(21 — 1) subspaces of dimension 2.
Therefore, in our partition of V' the total number of subspaces of dimension s is

(22t75+1 _ 2t75+1) + 2tfs+1 — 22t75+1 = 2o,

and the total number of subspaces of dimension 2 is

1

3(22t75+1 o 1) = 0.

2t78+1 <1<2t _ 23)) + 1(2t+1 _ 1)
3 3
Hence we have Q.

To find the other Q;, we show that we can partition the union of triples of s-dimensional subspaces
into 2-dimensional subspaces one triple at a time. We leave the partition of K., ® F'¢ unchanged.

Let v € W’ C ker()\), and create a direct sum decomposition W' = W” & Fv. For each o € W@ Fw,
we consider the set Ko (W)U Kqqy (W)U Kqqo. We will use two methods to partition this set into
subspaces of dimensions 2 and s. We will apply the first method to get at least 9 subspaces of dimension
s and we will apply the second method to get 9 or fewer subspaces of dimension s.

Now we describe our first method. Since ¢ is odd, there exists a partition of K of type s'2°, where
b= %(Qt — 2%). Let us choose this partition so that W is the subspace of dimension s in this partition.
Let Uy, ...,U, be the two-dimensional subspaces in this partition. In this way, we can also partition
K, into one subspace of dimension s and b subspaces of dimension 2.

Furthermore, as s is odd, by Lemma 4, there exists a partition of W of type 312%(2878), to which
we can apply Lemma 3 to get a partition of type 252" =5) 14 Tet Upt1,...,Uy be the subspaces of
dimension 2 in this partition, where g = 3(2 — 5).
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For a € W' @ Fuw consider the sets W (K) = K, \(W) and WM K) = Ky, 2(W). As stated
above, we can partition each of these sets into 2! — 1 subspaces of dimension s. Let 1 < k < g and
consider the three s-dimensional subspaces in W®*(Uy). This set can be partitioned into 2° — 1 two-
dimensional subspaces as follows. Let Wy, Z1,...,Z; be a partition of W, where Wy C ker(\) is of
dimension s — 2, Z; is of dimension 2, and d = %(23 —2572). (Such a partition exists by Lemma 3 since
we are assuming s > 5.) Each (Z;)**(u) € W**(u) is a two-dimensional subspace for each 0 # u € Uy.
Furthermore, (Ug)q () is a two-dimensional subspace for every 0 # x € Wy by Lemma 14. Hence
we can regard W®*(Uy) as either three s-dimensional subspaces or (2% —2572) 4+ (2572 — 1) = 2° — 1
two-dimensional subspaces. As a result, we can partition the set W**(K) into (2! — 1) — 35 subpaces
of dimension s and (2° — 1)j subspaces of dimension 2 for any 0 < j < g. The same procedure can
be carried out on WA (K) as well. Hence we can partition Ko \(W) U Kayp (W) U Koty into
(2t — 1) — 3; subspaces of dimension s and b + (2 — 1)j subspaces of dimension 2 for 0 < j < 2g.
(Note that when j = 2¢g, we get 9 subspaces of dimension s.)

In our second method, for each & € W” @ Fw, we partition the set Ko x(W) U Koo x(W) U Koo
into subspaces of dimensions s and 2 in ways that include the cases when the number of s-dimensional
subspaces is fewer than 9.

As above, we first use the two-dimensional subspaces (Z;)®*(u) and (Z;)*+t"* (u) for all 0 # u € K
and 1 < i < d to get 3(20+s+! — 2tFs=1 _ 9s+1 4 2571 subspaces of dimension 2. Once we exclude the
union of these subspaces, we are left with

Ka,)\(WO) U Ka+v,)\(W0) U Ka+v = Ka(WO) U Ka—i—v(WO) U KOt-i-Ua

since Wy C ker(\). Now, by Lemma 17, we have K, (Wy) U Kq1o(Wo) U Koty = Ko(Wo @ Fv), which
we partition into 257! — 1 subspaces of dimension ¢ in K @ K C V of the form Kpgfor 0 # 3 € Wy @ Fo.
Since s is odd, we have 27! — 1 =0 (mod 3), hence we can group the Kz into triples and use Lemma
16 to partition the union of each triple into either 3 subspaces of dimension s and 2! — 2% subspaces of
dimension 2 or into 2¢ — 1 subspaces of dimension 2.

Using this second method, for each of the triples of t-dimensional subspaces above, we can partition
their union into two-dimensional subspaces. As a result, we can partition K, x(W)U K1y x(W)UKqipo
into 2571 — 1 — 3; subspaces of dimension s and (2051 — 22571 _ 2t _ 9s=1) 4 (25 — 1) subspaces
of dimension 2 for 0 < j < %(25_1 —1). Note that when j = 0 we have the number of s-dimensional
subspaces is 271 —1 > 15 > 9, since s > 5, hence this accounts for the cases when there are 9 or fewer
subspaces of dimension s.

Hence we have proven, for each o € W” @ Fuw, the set Ko \(W) U Kqqy (W) U Kqqy can be
partitioned into (2!7! — 1) — 35 subspaces of dimension s and b+ (2° — 1)j subspaces of dimension 2 for
0<j <12 —1). Since |[W” & Fuw| = 2%, the union

U (KOCJ\(W) U Ka-i—v,)\(W) UKato)
aceW"SFw

can be partitioned into 2¢7%(21+1 — 1) — 3 subspaces of dimension s and 2!7%b + (2% — 1) subspaces of
dimension 2 for all 0 < j < 2075(20F1 — 1) = 1(22=sF1 _ 9t=s),

Note that in the above partitions we have not used the subspaces contained in the K, for a €
W" @& Fw, each of which contains the subspace W, of dimension s. In all, there are 2% such subspaces
of dimension s. Since ¢ is odd, 27° = 1 (mod 3); so we can group 2% — 1 of these subspaces into
triples, and then use Lemma 16 to partition the union of each triple into 2° — 1 two-dimensional
subspaces. In this way, we have a total of 2!=5(2f+1 — 1) + 2875 — 35 subspaces of dimension s and
207sh + 12075(2F — 2%) + (25 — 1) subspaces of dimension 2 in our partition for 0 < j < 1(220=F1 — 1),
Therefore we have constructed all the Q;, and the proof is complete.
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To get our main result, we combine Theorems 18-20 with [16, Theorem 1.4], which we restate here
for ¢ = 2.

Theorem 21 (Theorem 1.4 of [16]) Let n and s be integers such that n > 2s and s is odd. Let ¢ be

the least residue of n modulo s, and let 8 be the least residue of ¢ modulo 2. Define m, = %(259“ -1)
on _ 259+c

and M, = ———— for all positive integers n. Let a be an integer such that
51 P g g

omn _ 2nfs+1 _ 259+c +1
3(25 — 1)

0<a<

Suppose there exists a partition of V(n,2) with type s*i2% for all
x; =M, —3i and y;=m.+ (2°—1)i

such that a < i < |£(M, —(2°7'+1))]. Then for every integer a < i < |$ M, ] there exists a partition
of V(n+s,2) of type s¥i2% where

i = Mpis— 30 and y; =m.+ (2°—1)i.

5.1 Proof of the main theorem

We are now ready to prove our main theorem.

Proof of main theorem: As in the statement of the main theorem, let s > 3 and n > 2s be integers,
if ¢i 25FC (25 —-1)—1
¢ be the least residue of n modulo s, € = 1 }f ¢ ?S even and h = ( ) .
0 if ¢ is odd, 3

We first note that if s is even and n is odd, then there are no solutions to the diophantine equation

z(2°—=1)+3y=2" -1, 9)

so the theorem is vacuously true in this case. Also, for s = 3, [7, Theorem 4.4] implies our main theorem.

If s is even and n is even, then cis also even; hence ¢ = 1. So the main theorem is just a restatement of
Theorem 6 when g = 2 since the nonnegative solutions of 2(2%—1)+3y = 2"—1 withy > h = §(257°—2)
have the form

n st . 2"—1-3h . 1 . 1 .
x:ﬁ—f—l—Z:w—l and y:§(2s+c—28+(25—1)l):h+§(2s—1)2
2n_25+c
for1<i<|—+1].
or z( 25 _ 1 —|—>

Now assume s > 5 is odd. Write n = sr + ¢ for some integer 7 > 2 and 0 < ¢ < s. We will consider
two cases according to whether c is even or odd, proceeding by induction on r in each case.

Case 1: Assume c is even, which gives us ¢ = 1 and h = %(25+C — 25). Define m, = %(20 — 1) and
2" — 2¢

M, = CTER (Note that m,. and M,, have the same values as in Theorem 21.) Then h = 2°m,, and

so x = M, — 3m. and y = h is a nonnegative integer solution to equation (9). Furthermore, it is

straightforward to show all other nonnegative integer solutions of equation (9) must have the form

x =DM, —3(mc.+1i) and y=2°m.+ (2°—1)i
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for some integer 0 < i < %Mn — me. Therefore, it is sufficient to prove that for every integer 0 < ¢ <
%Mn — my, there exists a partition of V' of type s¥12% where

x; =M, —3(m.+1i) and y; =2°m.+ (2° —1)i.

If r =2, then n = 2s+ c is even. Let t = n/2. In this case, our theorem claims that for each integer

1 n __ 25+c
0<i< 3 (251 + 1> there exists a partition of V of type s¥i2¥%  where

225+C_23+c
= 13 = 2 1 3= 22 1 -3

and

1
yizg

1
(27 -2 + (2 - i = (277 = 2) + (2" - )i

: 1 " 2%t 1 s+c 1 2t—s tad
Since s\ +1) = 3 (2 + 1) =3 (2 + 1), this is exactly the result of Theorem 18.

Now assume case 1 is true for n = s(r — 1) + ¢, where r > 2. Let a = m,. Then, in order to use

on _ 2n75+1 -3
Theorem 21, we need to show that a = m, < e
3(25—1)

. So the above inequality is true if and

only if
28(37”(:) — 23(20 o 1) < omn _ 2n75+1 — 2nfs+1 (2571 o 1)
Since c<s—1land n >2s=n—s+1 > s, the above inequality holds. Therefore, the hypotheses for

Theorem 21 are satisified, and we conclude that for all 0 < i < %Mn+s — m, there exists a partition of
V(n+ s,2) of type s%i2¥  where

i = Mpts —3(me+14) and  y; = 2°m. + (2° — 1)i.

This completes the proof of case 1.

Case 2: Assume c is odd, which gives us ¢ = 0 and h = 3(2°7¢ — 1). Define m, = $(2°7¢—1) = h
mn _ 2$+c

and M, = ST (Again, m. and M, have the same values as in Theorem 21.) Now we see that

x = M, and y = h is a nonnegative integer solution to equation (9). Furthermore, it is straightforward

to show all other nonnegative integer solutions of equation (9) must have the form
x=M,—3i and y=m.+ (2°—1)i

for some integer 0 < i < %Mn Therefore, it is sufficient to prove that for every integer 0 < i < %Mn
there exists a partition of V' of type s%2¥% where

x;=M,—3i and y;=m.+ (2°—1)i.

If r =2, then n = 2s 4+ c is odd. Let t = (n — 1)/2. In this case our theorem claims that for each
integer 0 <7 < %Mn = %23“ there exists a partition of type s%2% where

on _gste - 9Q2stc _gstc . _ . _ .
xi:ﬁ—zzz:ﬁ—mzfﬂ—&:ﬂ8—32:2%8+1—3z
and
2ste

1 1
T+ (25 —1)i = 5(2"—8 — 1)+ (2°—1)i= 5(2%—5+1 — 1)+ (2° - 1)i.

This is exactly what was proved in Theorems 19 and 20. (Note that since 2°7¢ = 1 (mod 3) and i is
restricted to integer values, the bounds for ¢ match what is given in both Theorems 19 and 20.)

Yi =
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Now assume r > 2 and case 2 is true for n = (r — 1)s + ¢. Then for each 0 < i < %Mn there exists
a partition of V'(n,2) of type s*2¥%  where

x; =M, —3i and y; =m.+(2°—1)i.

Hence, by Theorem 21 we know that for each 0 < i < $M,, there exists a partition of V(n + s,2) of
type s%i2% where
x;=Muyrs—3i and y; =me+ (2° —1)i.

This completes the proof. |

5.2 A necessary and sufficient condition when n =0,1,2 (mod s)

Let s > 3 be an odd integer, n be an integer such that 2s < n, ¢ be the least residue of n modulo s,

if ¢ i 25t _ (25 —1) =1
€= 1 %f ¢ ?S even and h = e ) . Our main theorem shows that if
0 if cis odd, 3
on _ 9s+¢ . 2" —1—3h . )
mi:ﬁ—&—l—e:ﬁ—?ﬂ and y@:h+(2s—1)l,

1 n o__ 23+c
there exists a partition of V'(n,2) of type s*2¥ for all integers 0 < i < 3 <231 + 6>.

By using [12, Theorem 1], we can show the converse of our main theorem in some cases. Suppose
that there exists a partition of V' (n,2) type s*2¥ for y < yo = h. Then z and y have the forms

x =m0+ 3 and y=1yo—(2°—1)i
for some positive integer i. By [12, Theorem 1], we have

S 29 if 2572 divides y
y= 25-1 4+ 1 otherwise.

Hence yo — (2° —1)i =y > 21 + 1. So
25T¢ 1 — (28 —1)e > 3(2° — 1)i +3(25" 1 +1).

Thus if
257¢ 1 —(2° —1)e < 3(2° —1)i +3(2° ' +1) (10)

for every positive integer i, then there can be no partition of V(n,2) of type s*2Y with y < yo. Note
that if inequality (10) holds for ¢ = 1, then it holds for every positive integer i. So we get the following
corollary.

1 if cis even

> ) > ) = =
Corollary 22 Let s > 3 be an odd integer, k > 2 an integer, c = 0,1, or 2, and € { 0 ifcis odd.

Then a partition of V (ks + ¢,2) of type s*2Y exists if and only if
1
x(2°—1)+3y=2""—-1 and y> 5(25“ —€(2°—1) —1).

Proof. Given our main theorem and the preceeding discussion, it is sufficient to show that inequality
(10) holds for ¢ = 1 and ¢ = 0,1, and 2. Since

25TC 1 — (2° —1)e < 25T — 1 =2¢Fls71 1 <9.9257!

for ¢ + 1 < 3, the corollary follows. |
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