THE FEASIBLE MATCHING PROBLEM
Y. PENGT AND P. SISSOKHO{

ABSTRACT. Let G = (V,E) be a graph and R C E. A matching M in G is
called R-feasible if the subgraph induced by the M-saturated vertices does not have
an edge of R. We show that the general problem of finding a maximum size R-
feasible matching in G is NP-hard and identify several natural applications of this
new concept. In particular, we use R-feasible matchings to give a necessary and
sufficient condition for the existence of a Systems of Disjoint Representatives in a
family of hypergraphs. This provides another Hall-type theorem for hypergraphs.
We also introduce the concept of R-feasible (vertex) cover and combine it with
the concept of R-feasible matching to provide a new formulation and approach to
Ryser’s conjecture.

1. INTRODUCTION AND GENERALITIES

Let G = (V, E) be a graph and R C E. We denote an edge between u,v € V' by
uv. A matching M of GG is a collection of pairwise disjoint edges. An independent set
in GG is a collection of vertices of GG such that no two of them form an edge. A vertex
u € V is called M-saturated if it is incident with some edge in M. Let V(M) denote
the set of M-saturated vertices. Let Gg = (V, R) denote the spanning subgraph of G
with edge set R.

Definition 1. Let G = (V, E) be a graph and R C E. A matching M in G is called
R-feasible if the subgraph induced by the M -saturated vertices does not have an edge
of R. In other words, V(M) is an independent set in Gg.

If R = (), then we recover the classic definition of a matching. The Feasible Matching
problem consists of finding a maximum-size R-feasible matching of a graph G, for a
given graph G and a given subset R of edges of G. We denote this number by v(G, R).
Since the M-saturated vertices of an R-feasible matching M of G form an independent
set in G, we have

(1) v(G, R) < [a(GR)/2],
where a(GR) is the maximum size of an independent set of Gg; and the upper bound

becomes an equality if G is a complete graph. Inequality (1) hints that in general,
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the Feasible Matching (FM) problem is as hard as the Independent Set (IS) prob-
lem; which consists of finding a maximum-size independent set, for a given graph H
(denoted by «(H)). In fact, we have the following theorem.

Theorem 2. The FM problem is NP-hard.

Proof. Let G = (V, E) be a graph and let R C E.

We show that the IS problem can be reduced (in polynomial time) to the FM
problem. Let H be a given graph and supposed that we want to find «(H). Let W
be a set such that W NV(H) = () and |W| = |V(H)|. We construct an auxiliary
graph G' = G(H) with vertex set V(G) = W UV (H) and edge set

E(G)=EH)U{hw: he V(H) and w € W}.

If we set R = E(H), then it is straightforward to check that o(H) = v(G(H), R).
Moreover, the construction of G from H can be clearly done in time that is polynomial
in |V(H)|. Consequently, the FM problem is as hard as the IS problem, which
concludes the proof. O

The decision problem corresponding to the FM problem is: “Given a graph G, a
subset of edges R C F(G), and a constant k; is there an R-feasible matching of G of
size k77 It follows from Theorem 2 that this decision problem is NP-complete.

For each edge e € E, we associate a binary variable c.. Then we have the follow-
ing Integer-Linear-Programming (ILP) formulation of the Feasible Matching (FM)
problem:

Maximize . ¢ subject to (Ly)
ecE
> e <1, foreachz €V (Ls)
z'eV;xax'eF
Yoo G+ Y. ¢y <1, foreachzy e R (L3)
z’eV;xzax'el y'eV;yy'eE
c. € {0,1}, foreache€ FE (Ly).

Observe that the linear constraints in (L3) ensure that the resulting matching is R-
feasible. This ILP formulation might be useful in finding v(G, R) for small examples.
We now introduce the related definition of R-feasible cover.

Definition 3. Let G = (V, E) be a graph and R C E. A subset C C V is an R-
feasible cover of G if for any edge xy € (E— R) at least one of the following conditions
holds:

(1) {z,y} N C #0;
(ii) there erists an edge 'y’ € R such that {z,y} N {z',y'} # 0 and {z',y'} N C # 0.

If R = (), then we recover the classic definition of a vertex cover. The Feasible Cover
problem consists of finding the minimum number of vertices in any R-feasible cover
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for the pair (G, R). We denote this number by 7(G, R). The Feasible Cover problem
is clearly NP-complete since the the classic Vertex Cover problem is NP-complete.

The rest of the paper is organized as follows. In Section 2, we give a Hall-type
theorem for feasible matchings and bounds on feasible coverings. In Section 3, we
use R-feasible matchings to characterize Systems of Disjoint Representatives and
give several other applications. In Section 4, we combine the concepts of R-feasible
matching and R-feasible cover to provide a new formulation and approach to Ryser’s
conjecture. Finally, in Section 5, we discuss some open questions.

2. SOME RESULTS ON FEASIBLE MATCHINGS AND FEASIBLE COVERINGS

Applications of the results in this section will be given in Sections 3 and 4.

Let G = (V, E) be a graph and R C E. We say that G is R-bipartite with bipartite
sets X and Y if the graph G’ = (V, E — R) is bipartite (in the usual sense) with
bipartite sets X and Y. For W C X, let N(W) ={y € Y : wy € E for some w €

In what follows, we give a necessary and sufficient condition for the existence of an
R-feasible matching of GG that saturates all the vertices in X.

Theorem 4. Let G = (V, E) be a graph and R C E. Suppose that G is R-bipartite
with bipartite sets X and Y. Then G has an R-feasible matching that saturates all
the vertices in X if and only if X is an independent set in Gr and there exists S CY
such that S is independent in Gr and for any W C X, we have |S N N(W)| > |W]|.

Proof. Necessity. If M is an R-feasible matching that saturates all the vertices in X,
then clearly X is an independent set in Gz and the set S of vertices matched to X
in M is an independent set in Gg. Hence, it follows from Hall’s theorem [5, 10] that
|ISAN(W)| > |W]| for any W C X.

Sufficiency. If such a set S exists, then by Hall’s Theorem, there is a matching
from X to S that saturates all the vertices in X. Since both X and S are independent
sets in G, such a matching is R-feasible. OJ

Remark 5. If R = () in Theorem 4, then G = G’ is a bipartite graph and we obtain
Hall’s Theorem.

Let G, R, X, and Y be as in Theorem 4 above. For any subset X’ C X, we define
the deficiency of X' as follows

(2) def(X') = msin{d eEN: |[SNNW)| > |W|—d for any W C X'},
where the minimum is over all sets S C N(X’) that are independent in G = (V, R)

and N is the set of all natural numbers.
We then obtain the following deficiency version of Theorem 4.
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Corollary 6. Consider a graph G = (V, E) and let R C E. Suppose that G is R-
bipartite with bipartite sets X and Y. If X' is an independent subset of X, then G
has an R-feasible matching of size | X'| — def(X").

Proof. Add def(X’) vertices to Y and connect each of these vertices to every vertex
in X’ by an edge. Then apply Theorem 4. O

An R-feasible matching of G is called a perfect R-feasible matching of G if ev-
ery vertex of G is M-saturated. The following proposition follows easily form this
definition and we omit its proof.

Proposition 7. Let G = (V,E) be a graph and R C E. Then G has a perfect
R-feasible matching if and only if R =0 and G has a perfect matching.

For any connected component U in the graph Gg, the edges in U do not need to
be covered in an R-feasible cover of G. This leads to the following definitions. Let
G\R be the graph with

V(G\R) ={U CV : U is a connected component in Gr}
and
E(G\R) ={UU’: U,U" € V(G\R) and there exists u € U, v’ € U’ with uu' € E — R}.
For any subset C' C V', we define
C\R = {U € V(G\R) : there exists ¢ € C' with ¢ € U}.
Proposition 8.
v(G\R,0) < 7(G\R,0) < 7(G,R) < 2v(G, R).
Moreover, if C is an R-feasible cover of G, then C\R is a vertex cover of G\R.

Proof. Since every vertex cover of G\ R contains a vertex from each edge of a maximum-
sized matching in G\ R, then v(G\R, () < 7(G\R, 0).

Next we show that 7(G, R) < 2v(G, R). Let M be a maximum R-feasible matching
in G and let V(M) denote the set of M-saturated vertices. We claim that V(M) is
an R-feasible cover for G. In fact, for each edge xy in G such that {z,y} NV (M) = (),
there exists 2’ € V(M) such that za’ € R or there exists ¥/ € V(M) such that
yy € R. Since otherwise, M U {zy} together with M is an R-feasible matching,
contradicting the assumption that M is a maximum R-feasible matching. Therefore,

7(G, R) < |V(M)| = 2v(G, R).

Next, we show that 7(G\R,0) < 7(G, R). Let C' be a minimum R-feasible cover of
G. Then it follows from the definition of C'\ R that |C\R| < |C|. If C\R is a vertex
cover of G\R, then 7(G\R,0) < |C\R| < |C| = 7(G, R). Hence, to finish the proof,
it suffices to show that C'\R is a vertex cover of G\R.

Let XY be an edge in G\R. By the definition of F(G\R), there exists z € X and
y € Y such that zy € E(G) — R. Since C' is an R-feasible cover of G, then at least
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one of the following possibilities holds: () z € C; (it) y € C; (7i1) there exists 2’ € C
such that xz’ € R; and (iv) there exists 3/ € C such that yy’ € R. We only discuss
(¢) and (#ii) since (i7) and (iv) can be handled in a similar manner. If 2 € C, then
r € X € C\R by the definition of C\R. If there exists 2’ € C such that zz’ € R,
then z,2’ € X € V(G\R) by the definition of V/(G\R). Since 2’ € C' and 2’ € X, we
have X € C\R by the definition of C'\ R. O

3. APPLICATIONS OF FEASIBLE MATCHINGS

We point out an application of Theorem 4 to the system of disjoint representatives
and several other applications of feasible matchings.

Application 1: Systems of Disjoint Representatives

In this section, we identify a hypergraph with its set of (hyper)edges. Let A =
{H, ..., H,} be a family of hypergraphs (i.e., H; is the set of edges of the i-th hyper-
graphs, 1 < ¢ <m). A System of Disjoint Representatives (SDR) for A is a function
[+ A— U, H;such that f(H;) € H, for all i and f(H;)N f(H;) = 0 whenever i # j.
A necessary and sufficient condition for the existence of an SDR in A was proved by
Aharoni and Haxell [2] using topological methods. Before stating their theorem, we
introduce some relevant notation.

Let H be the set of edges of some hypergraph. A subset F C H is pinned by
another set K of edges if every edge in F' has a non-empty intersection with some
edge in K. For any subfamily B C A, let UB = |Jycz H.

Theorem 9 (Aharoni-Haxell [2]). A family of hypergraphs A has a system of disjoint
representatives if and only if for each subfamily B C A there exists an assignment of
a matching Mg in UB which satisfies the condition that Mg cannot be pinned by fewer
than |B| edges from the set of edges \|J{Mc : C C B and Mc is a matching in UC}.

We will use Theorem 4 and the following construction to devise another necessary
and sufficient condition for the existence of an SDR in a family of hypergraphs.

Construction 1: Given a family of hypergraphs A = {H1, ..., H,}, we let G = G(A)
denote the auziliary graph of A with vertex set V = X UY and edge set E = EyU R,
given below.
X ={12,..m}, Y=H U...UH,,
Eq = {ih; : 1 <i<m and h; € H;},
R = {hzhj . hl € Hi; hj € Hj, and hl N hj # @}

It follows from Construction 1 that there is a one-to-one correspondence between
an SDR of A and an R-feasible matching of G = G(.A) saturating X. Note that the
auxiliary graph G/(A) given in Construction 1 is R-bipartite and X is an independent
set in Gp.
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Applying Theorem 4, we have the following characterization of the existence of an
SDR of a family of hypergraphs.

Corollary 10. Let A be a family of hypergraphs and let G = G(A) be its auziliary
bipartite graph with bipartite sets X and Y and edge set E = FEq U R (as given
by Construction 1). Then A has a system of disjoint representatives if and only if
there exists S CY such that S is independent in Gr and for any W C X, we have
[SONW)| = [W].

Application 2: Hypergraph Matchings.

Consider an r—uniform hypergraph H = (V,£) which satisfies the following prop-
erty:
(¥) V can be partitioned into two sets A and B such that for any e € &£, we have
leNAl=1and |eNB|=r—1.

Note that the above condition implies that H is 2-colorable, i.e., we can assign 2
colors to its vertices such that none of its edges is monochromatic. Let

C={UCV:enB=U for somee € E},

Eo={aU: a€ A, UeC, {a}UU € &},
and
R={UW:UWeCand UNW #0}.

We define an auxiliary graph G = G(H) with vertex set V = AU C and edge set
E = FEyU R. Then, there is a one-to-one correspondence between matchings in the
hypergraph H and an R-feasible matching of GG. In particular, the maximum size of
a matching in H is the maximum size of an R-feasible matching in G.

Application 3: Network Channel Assignment with Interference.

Consider a wireless network with a set of customers A and set of (signal) towers B.
We put an edge between a € A and b € B if customer a can connect to tower b. At
any point of time, we want to find a maximum-size matching in the bipartite graph
G with partite sets A and B and edge set Ey. In practice, we have a multichannel
network, i.e. a tower b can accept a number m; of connections. We can incorporate
this condition by creating m; copies of the vertex b in B and find a maximum-size
matching in the resulting graph. Moreover, let R be the set of all edges b1b, such
that there is an interference between the channels used by towers b; and by. Then
given the graph G with V(G) = V(Gy) and E(G) = Ey U R, we are interested in
finding the maximum-size R-feasible matching, which corresponds to a maximum
size interference-free channel assignment.

Application 4: Scheduling with constraints.
Consider a scheduling problem in which we have a set B of musical bands to be
scheduled at time periods T for a music festival. Assuming that each band can only
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play at some specified times, we can try to find a maximum-size assignment of bands
to time periods. Moreover, we add a red edge between two bands if they cannot both
be scheduled to perform. Similarly, we may have some restrictions about the time
periods represented by blue edges. This problem can be modeled by the problem of
finding an R-feasible matching, where R is the set of red and blue edges.

4. APPLICATION TO RYSER’S CONJECTURE

For a hypergraph H = (V, &), the vertex cover number, denoted by 7(H), is the
minimum size of a vertex set that intersects every edge. The matching number v(H),
is the maximum size of a set of pairwise-disjoint edges. A hypergraph is called r-
uniform if all its edges have size r. A hypergraph is called r-partite if its vertex set
can be partitioned into r parts, and every edge contains precisely one vertex from
each part. Note that an r-partite hypergraph must be r-uniform. Since every edge in
a hypergraph H intersects some vertex of V(M), where M is a maximum matching
in H, then

(3) T(H) < [V(M)| = rv(H)

for any r-partite hypergraph H.
Ryser conjectured that for » > 2, every r-partite hypergraph H satisfies

(4) T(H) < (r—1)v(H).

For r = 2, Conjecture 4 holds by Konig’s theorem [4]. However, for r > 3, this
conjecture turns out to be very difficult. For v(H) =1 and 3 < r < 5, Conjecture 4
has been proved by Tuza [8, 9]. For r = 3 and all values of v(H), it has been proved
by Aharoni [1]. Fiiredi [3] proved the so-called fractional version of the conjecture,
ie, 7(H) < (r — D)v(H), where 7*(H) is the fractional covering number of H.

For an R-bipartite graph G = (V, E') with R-bipartite sets V = X UY, we define
a weight function w : V' — {1,r — 1} such that w(v) =1 for v € X and w(v) =r —1
for v € Y. Let 7,(G,R) be the minimum weight R-feasible cover of the vertex-
weighted graph (G, w) and let v(G, R) be the maximum size R-feasible matching in
the unweighted graph G.

Construction 2: Given an r-partite hypergraph H = (V, &), where V is the union
of r disjoint parts V;, 1 <1 <r, let
X =W,
Y={y: enU_,V, =y for some e € £},
E={zy: z€e X, yeY, {z}Uye &},

and
R={yy : v,y €Y andyny # 0}.
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We define an auziliary graph G = G(H) with vertex set V.= X UY and edge set
EUR.

Observe that there is a one-to-one correspondence between matchings in the hy-
pergraph H and an R-feasible matching of G. In particular, the maximum size of a
matching in H is the maximum size of an R-feasible matching in G, i.e.,

(5) v(H) =v(G, R).

Proposition 11.
7(H) < 7,(G, R).

Proof. Let T be a minimum weight R-feasible cover of G. Let T% be the set of vertices
in H obtained by recovering vertices in 7', i.e., every vertex in 7' N X will be kept
and every vertex in 7'N'Y will be recovered to r — 1 vertices in U]_,V;. We claim
that T3 is a vertex cover of H. Indeed, for every edge e = {vy,v9, -+ ,v,} € E(H)
with v; € V;, the corresponding pair {vy, y}, where y = {vy, -+ ,v,}, is an edge in G.
Since T is a cover of GG, then either v; € T, or y € T, or there is 3y € T such that
y Ny # 0. In each case, edge e intersects Ty, and the claim is verified. Moreover, we
clearly have |Ty| = 7,(G, R). Hence

T(H) < |Tx| = 70 (G, R).

Proposition 12.
Tw(G, R) < rv(G, R).

Proof. Let M be a maximum R-feasible matching in G. We claim that the vertex
set V(M) is an R-feasible vertex cover for G. In fact, for each edge zy in G with
{z,y} N V(M) = 0, either there exists 2’ € V(M) such that za’ € R, or there exists
y' € V(M) such that yy' € R. Since otherwise, M U {zy} is an R-feasible matching,
contradicting the assumption that M is a maximum R-feasible matching. Since every
vertex in X N M has weight 1 and every vertex in Y N M has weight » — 1, then

To(G, R) < r|M| =rv(G, R).
[l

Propositions 11, 12, and equation (5) imply the bound in (3). So if G and R are
such that Proposition 12 can be improved to (r — 1)v(G, R) > 7,(G, R), then Ryser’s
conjecture (inequality (4)) holds for corresponding r-partite hypergraphs. This yields
a new approach to Ryser’s conjecture that consists of finding families of subgraphs
G and R for which Ryser’s conjecture holds, as opposed to the current approach
(see [1, 8, 9]) of finding r or v for which the conjecture holds.
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5. CONCLUDING REMARKS

After Theorem 2, we have established that the decision version of Feasible Matching
problem is in general NP-complete. This leads to the following related complexity
question.

Question 13. Let G = (V, E) be a graph, R C E, and let Ggr = (V, R) be the spanning
subgraph of G with edge set R. Characterize the subgraphs G g for which there exists
a polynomial time algorithm that finds a marimum-size R-feasible matching in G.

If R does not contain Ps (the path on 3 vertices) as an induced graph, then R is
a disjoint union of cliques. In this case, it is easy to see that v(G, R) = v(G\R,0),
where v(G\ R, 0) is the (classic) maximum size matching in the graph G\ R. Since this
latter number can be computed in polynomial time, v(G, R) can also be computed in
polynomial time in this case. What about other classes of graphs Gg”

Finally, it would be interesting to define a general framework within which one
can define and study a hybrid problem obtained by combining a polynomial-time
problem and an NP-hard problem in a suitable way. In this sense, the maximum size
feasible matching problem is a hybrid problem that results from the maximum size
matching problem and the maximum size independent set problem. We will pursue
these questions in subsequent projects.

Acknowledgements: The authors thank the referees for carefully reading the man-
uscript and for their detailed comments which helped improve the paper.

REFERENCES

[1] R. Aharoni, Ryser’s Conjecture for tripartite 3-graphs, Combinatorica 21 (2001), 1-4.
[2] R. Aharoni and P. Haxell, Hall’'s Theorem for Hypergraphs, J. of Graph Theory 11 (2000),
83-88.
[3] Z. Firedi, Maximum degree and fractional matchings in uniform hypergraphs, Combinatorica
1 (1981), 155-162.
[4] D. Konig, Theorie der Endlichen und Unendlichen Graphen, Leipzig (1936).
[5] P. Hall, Distinct representatives of subsets, J. London Math. Soc., 10(1934), 26-30.
[6] P. Haxell, A condition for Machability in Hypergraphs, Graphs and Combin. 11 (1995), 245~
248.
[7] D. Hochbaum, Editor, Approximation algorithms for NP-hard problems, PWS Publishing
Company, Boston, MA (1997).
[8] Zs. Tuza, Some special cases of Ryser’s conjecture, manuscript 1979.
[9] Zs. Tuza, Ryser’s conjecture on transversals of r-partite hypergraphs, Ars Combinatoria 16
(1983), 201-209.
[10] D. West, Introduction to Graph Theory, Prentice Hall, New York, NY (2001).

tHUNAN UNIVERSITY, CHANGSHA, HUNAN 410082, CHINA, AND INDIANA STATE UNIVERSITY,
TERRE HAUTE, 47802, USA.



10 Y. PENG{ AND P. SISSOKHOf

IMATHEMATICS DEPARTMENT, ILLINOIS STATE UNIVERSITY, NORMAL, ILLINOIS 617904520,
U.S.A.
E-mail address: ypengl@163.com,psissok@ilstu.edu



