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Abstract

An antidirected cycle of length n is the digraph obtained by ori-
enting the edges of a cycle of length n such that no directed path
of length 2 is formed. For every positive integer x, we show that
there exists a cyclic decomposition of the complete symmetric di-
graph K∗

nx+1 into antidirected cycles of length n.

1 Introduction

Let D and H be digraphs. A D-decomposition of H is a partition of the
arc set of H into isomorphic copies of D, called D-blocks. Of particular
interest is the case where H is K∗n, the complete symmetric digraph on
n vertices (containing a directed 2-cycle between every pair of distinct ver-
tices). Throughout this note, we will consider the vertex set of K∗n to be Zn,
the group of integers modulo n. An antidirected cycle of length n, denoted
ACn, is obtained by orienting the edges of a cycle of length n such that no
directed path of length 2 is induced. Antidirected cycles necessarily have
an even number of arcs.

A D-decomposition of K∗n is called cyclic if applying the isomorphism
i 7→ i + 1 preserves the D-blocks of the decomposition. Necessary and
sufficient conditions for the existence of complete symmetric digraphs into
directed cycles were found by Alspach, Gavlas, Šajna, and Verrall in [1].
Decompositions of certain complete symmetric digraphs into antidirected
cycles are investigated in [2]. In [3], Bogdanowicz investigated decomposi-
tions of certain digraph circulants into antidirected Hamilton cycles. In [7],
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Jordon and Morris give necessary and sufficient conditions for the existence
of cyclic directed Hamiltonian cycle systems of the complete symmetric di-
graph. In this note, we show that there exists a cyclic ACn-decomposition
of K∗nx+1 for every positive integer x.

Cyclic D-decompositions of K∗n are often obtained by labeling the ver-
tices of D. In order to construct cyclic ACk-decompositions of K∗n we adapt
some techniques traditionally used in the labeling of undirected graphs.

The length of an arc (i, j) in K∗n is defined to be j − i if i < j, and
n + j − i otherwise. If the vertices of K∗n are viewed as if placed in order
around an regular n-gon, the length of an arc in K∗n can be interpreted
as the clockwise distance around the polygon from the initial vertex to the
terminal vertex of the arc. Now consider a digraph D with n vertices. Given
two integers x and y with x < y, denote the integer interval {x, x+1, . . . , y}
by [x, y]. Let f : V (D)→ [0, n] be an injective function (called a labeling of
D). Note that f induces a function f̄ : E(D)→ [1, n] defined by f̄(u, v) =
f(v) − f(u) if f(v) > f(u), and f̄(u, v) = n + 1 + f(v) − v(u), otherwise.
When {f̄(a, b) : (a, b) ∈ E(D)} = [1, n], f is called a directed ρ-labeling of
D. Notice that a directed ρ-labeling of D is an embedding of D into K∗n+1

such that each edge length is used exactly once.
Suppose we have a bipartite digraph D with vertex bipartition (A,B)

and directed ρ-labeling f . If f(a) < f(b) for all (a, b) ∈ E(D) where a ∈ A
and b ∈ B, then we call f a directed ρ+-labeling. The connection between
directed ρ+-labelings and cyclic decompositions is shown in the following
theorems.

Theorem 1 (Kaplan et al. [8]). If D is a digraph with n arcs that admits
a directed ρ-labeling, then a cyclic D-decomposition of K∗n+1 exists.

Theorem 2 (Bunge et al. [5]). If D is a bipartite digraph with n arcs
that admits a directed ρ+-labeling, then a cyclic D-decomposition of K∗nx+1

exists for all positive integers x.

2 Labelings of graphs

All of the structures defined for digraphs in the previous section have analo-
gous definitions for graphs. We also consider the vertex set of the complete
graph on n vertices, denoted Kn, to be Zn. The length of an edge {i, j} in
the complete graph Kn is min{|i− j|, n− |i− j|}, which can be interpreted
as the shortest distance between i and j around the polygon of n vertices.

There are many graph labelings that give rise to various types of graph
decompositions (see [6]). In particular, we will use α-labelings to construct
cyclic ACn-decompositions. An α-labeling of a bipartite graph G with n
edges and vertex bipartition (A,B) is an injective function f : V (G)→ [0, n]
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such that the induced edge labeling defined by f̄(a, b) = |f(a) − f(b)| has
the property {f̄(e) : e ∈ E(G)} = [1, n], and there exists some positive
integer λ such that f(a) ≤ λ for all a ∈ A and f(b) > λ for all b ∈ B.

The following two theorems conerning graph decompositions will be
useful for constructing cyclic decompositions of antidirected cycles.

Theorem 3 (Rosa [10]). Let n be a positive integer with n ≡ 0 (mod 4).
Then the cycle of length n admits an α-labeling.

Theorem 4 (Kotzig [9]). Let n be a positive integer with n ≡ 2 (mod 4).
Then the vertex-disjoint union of two cycles of length n admits an α-
labeling.

Note that the vertex set of ACn can be partitioned into two sets A and
B such that the initial vertex of each arc is in A. Thus, an α-labeling of
the underlying undirected graph of ACn gives rise to a directed ρ+-labeling
of ACn. This immediately leads to the following two corollaries.

Corollary 5. Let n be a positive integer with n ≡ 2 (mod 4). Then a
cyclic ACn-decomposition of K∗nx+1 exists for all even positive integers x.

Corollary 6. Let n be a positive integer with n ≡ 0 (mod 4). Then a
cyclic ACn-decomposition of K∗nx+1 exists for all positive integers x.

In light of the above corollaries, it remains to be shown that cyclic ACn-
decompositions of K∗nx+1 exists for any even n and all odd positive integers
x. That will constitute our main result.

3 Main Results

We denote the path with vertices x0, x1, . . . , xk, where xi is adjacent to
xi+1, 0 ≤ i ≤ k − 1, by (x0, x1, . . . , xk). If G1 = (x0, x1, . . . , xj) and
G2 = (y0, y1, . . . , yk) are directed paths with xj = y0, then by G1 +G2 we
mean the path (x0, x1, . . . , xj , y1, y2, . . . , yk).

Lemma 7. Let n ≡ 2 (mod 4). Then there exists a cyclic ACn-decomposition
of K∗n+1.

Proof. Let n = 4k + 2 where k is a positive integer. Consider the follow-
ing labeling of ACn obtained by identifying the endpoints of the following
labeled path of length n.

(4k + 1, 0, 4k, 1, 4k − 1, 2, . . . , 3k + 3, k − 2, 3k + 2, k − 1)

+ (k − 1, k, k + 1)

+ (k + 1, 3k, k + 2, 3k − 1, . . . , 2k + 3, 2k − 1, 2k + 2, 2k)

+ (2k, 4k + 2, 2k + 1, 4k + 1)
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It is easy to verify that the above labeling is a directed ρ-labeling of ACn.
By Theorem 1, there exists a cyclic ACn-decomposition of K∗n+1. �

0 2 3

5 1 6

Figure 1: A directed ρ-labeling of AC6 from Lemma 7.

We now give our main result.

Theorem 8. There exists a cyclic ACn-decomposition of K∗nx+1 for all
even integers n ≥ 4 and all positive integers x.

Proof. If n ≡ 0 (mod 4), the result follows by Corollary 6. Otherwise, let
n = 4k+ 2 where k is a positive integer and let x be a positive integer. If x
is even, then the existence of a cyclic ACn-decomposition of K∗nx+1 follows
from Corollary 5. If x = 1, then the result follows from Lemma 7. So we
can assume that x ≥ 3 is odd.

Let D be the vertex-disjoint union of two antidirected cycles of length
n, and let D have vertex partition (A,B) such that the initial vertex of
each arc lies in A. Let f be the α-labeling of the underlying undirected
graph of D, guaranteed to exist by Theorem 4, such that the vertex labels
in B are larger than the vertex labels in A. We are considering f to be a
labeling of D. Note that the arc labels induced by f̄ form the set [1, 2n].

For each 1 ≤ i ≤ x−1
2 let Bi be a copy of B. For each b ∈ B, the vertex

corresponding to b in Bi will be denoted by bi. Now, let Di be a copy of D

with vertex partition (A,Bi). Define the digraph D′ =
⋃(x−1)/2

i=1 Di.
Define the labeling f ′ on the vertices of D′ as follows:

f ′(v) =

{
f(a) if v = a ∈ A,
f(b) + n− 1 + (i− 1)2n if v = bi ∈ Bi.

The original labeling of f induces arc labels [1, 2n]. So for each 1 ≤ i ≤
x−1
2 , the edge labels induced by f ′ on Di are [1+n−1+(i−1)2n, 2n+n−

1 + (i− 1)2n]. Based on the definition of the labeling, we have that {f ′(e) :
e ∈ E(D′)} = [n, 3n− 1]∪ [3n, 5n− 1]∪ · · · ∪ [n(x− 2), nx− 1] = [n, nx− 1]

Now let H be a single copy of ACn and let g be a directed ρ-labeling
of ACn obtained from the proof of Lemma 7. It is important to note that
before being reduced modulo nx + 1, g contains the edge labels [1, n − 1]
and −1.
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Finally, define the labeling h on H ∪D′ as follows.

h(v) =

{
f ′(v) if v ∈ V (D′),

g(v) if v ∈ V (H).

Then {h̄(e) : e ∈ E(H ∪D′)} = [1, nx], and h is a directed ρ-labeling of
H ∪D′. Thus, there exists a cyclic ACn-decomposition of K∗nx+1. �

Example 1. As an example, we will show how to obtain a cyclic AC6-
decomposition of K∗31.

The directed ρ-labeling of AC6 is shown in Figure 1. Figure 2 shows
an α-labeling of the vertex-disjoint union of two cycles of length 6, which
will be used to obtain the stretched labeling on the remaining four copies
of AC6. Figure 3 shows the labeling described in the proof of Theorem
8 which is obtained by stretching the α-labeling. The 5 labeled copies of
AC6 contained in Figures 1 and 3 are used as the base blocks for a cyclic
AC6-decomposition of K∗31.

0 5 1

12 10 9

2 6 4

11 8 7

Figure 2: An α-labeling of the vertex-disjoint union of two cycles of length
6.

0 5 1

17 15 14

2 6 4

16 13 12

0 5 1

29 27 26

2 6 4

28 25 24

Figure 3: These four copies of AC6 combined with the copy in Figure 1
lead to a cyclic AC6-decomposition of K∗31.
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[1] B. Alspach, H. Gavlas, M. Šajna, and H. Verrall, Cycle decopositions
IV: complete directed graphs and fixed length directed cycles, J. Com-
bin. Theory, Ser. A 103 (2003), 165–208.

[2] B. Alspach, K. Heinrich, and M. Rosenfeld, Edge partitions of the
complete symmetric directed graph and related designs, Israel J.
Math., 40 (1981), 118–128.

[3] Z. R. Bogdanowicz, Decomposition of circulants into antidirected
Hamilton cycles, Appl. Math. Sci. (Ruse), 6 (2012), 5935–5938.

[4] R. C. Bunge, S. I. El-Zanati, H. J. Fry, K. S. Krauss, D. P. Roberts,
C. A. Sullivan, A. A. Unsicker, and N. E. Witt, On the Spectra of Bi-
partite Directed Subgraphs of K∗4 , J. Combin. Math. Combin. Com-
put., 98 (2016), 375–390.

[5] R. C. Bunge, S. I. El-Zanati, J. Klister, D. Roberts, and C. Ruddell,
On ordered directed ρ-labelings of bipartite digraphs and cyclic digraph
decompositions, J. Combin. Math. Combin. Comput., 99 (2016), 255–
268.

[6] S. I. El-Zanati and C. Vanden Eynden, On Rosa-type labelings and
cyclic graph decompositions, Mathematica Slovaca 59 (2009), 1–18.

[7] H. Jordon and J. Morris, Directed cyclic Hamiltonian cycle systems of
the complete symmetric digraph, Discrete Math. 309 (2009), 784–796.

[8] G. Kaplan, A. Lev, and Y. Roditty, On graph labeling problems and
regular decompositions of complete graphs, Ars Combin. 92 (2009),
225–243.

[9] A. Kotzig, β-valuations of quadratic graphs with isomorphic compo-
nents, Util. Math. 7 (1975), 263–279.

6



[10] A. Rosa, On certain valuations of the vertices of a graph, in: Théorie
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